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The electronic structure and properties of the cubic Laves phase (C15) compounds ZrZn2 and
ZrV2 have been determined using our all-electron full-potential linearized-augmented-plane-wave
(FLAP%') method for bulk solids. The computations were performed in two stages: (i) self-
consistent warped mu5n tin and (ii) self-consistent full potential. Spin-orbit coupling was included
after either stage. The effects of the inclusion of the nonspherical terms inside the muf5n tins on the
eigenvalues is found to be small (of order 1 mRy). However, due to the fact that some of the bands
near the Fermi level are Aat, this effect leads to a much higher value of the density of states at Ez in
ZnZr2. The most important difference between the materials ZrZnz and ZrV2 is the position of the
d bands derived from the Zr and V atoms. Consequently, these materials have completely different
Fermi surfaces. %e have investigated the magnetic properties of these compounds by evaluating
their generalized Stoner factors and found agreement with experiment. Our results for the super-
conducting transition temperature for these materials is found to be strongly dependent on the spin
Auctuation parameter p,p. Of course, because of the magnetic transition, superconductivity cannot
be observed in ZnZr, .
I. INTRODUCTION
The development of powerful theoretical and computa-
tional methods for first principles electronic structure cal-
culations has made it possible to determine with increas-
ing precision the electronic properties of a wide range of
materials. Because of the availability of more powerful
computers it is now feasible to study more complex sys-
tems as transition metal compounds. Especially interest-
ing are a number of these materials belonging to the class
of cubic Laves phase (or C15) compounds which display
either magnetism or superconductivity. In this paper we
study two representative members of the C15 class of ma-
terials: ZrZn2, which shows magnetic instabilities and
ZrVz, which is superconducting.
Earlier work pertaining to.these important compounds
includes the self-consistent linearized rnuIn-tin orbital
(LMTO) calculations by Jarlborg and Freeman' for
ZrZn2 and ZrV2, the non-self-consistent relativistic
augmented-plane-wave (APW) treatment for ZrZn2 by
deGroot et al. , and a self-consistent AP% approach for
ZrV2 by Klein et a/. These results indicate that the
electronic structure of these compounds poses a special
challenge for the theoretical investigation of magnetism
and superconductivity. Here one is dealing with a com-
plex set of bands that are Aat near the Fermi energy, EF,
this results in a narrow and high density of states (DOS)
peak at EF. In particular, both ZrZn2 and ZrV2 have
complex bands near EF around the I. point and along the
I"-E symmetry line in the irreducible Brillouin zone
(IBZ). Hence the exact shape of the Fermi surface
around L and/or along I"-K is very sensitive to details of
the numerical approximations. This may lead to errors
in the total and partial density of states at Ez and conse-
quently to uncertainties in Stoner factors and supercon-
ducting transition temperatures.
In this paper we present new results of a theoretical in-
vestigation of the electronic structure of ZrV2 and Zrzn2
including both the total and partial density of states
(DOS), the Fermi surface, magnetic properties deter-
mined from Stoner theory, and superconductivity
through a calculation of the electron-phonon interaction
constant, lt, , and the superconducting transition tempera-
ture, T, . Our band structures are determined from a
linearized augmented plane wave (LAPW) code using a
warped muSn-tin potential and our all-electron self-
consistent full-potential linearized augmented plane wave
(FLAPW) method for bulk solids. We start in the next
section with a brief description of the method of the cal-
culation. In Sec. III we discuss in detail the electronic
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structure, magnetism, and superconductivity for these
compounds in detail. Finally, the principal conclusions
are summarized in Sec. IV.
II. METHOD QF CALCULATION
The energy band structures were determined self-
consistently using the linearized-augmented-plane-wave
(LAPW) method. In this approach one takes advantage
of the analytic properties of the wave functions by divid-
ing the unit cell into two distinct regions, based on the
old concept of nonoverlapping muffin-tin spheres: The
first contains all points inside the muSn-tin spheres
around the atom; the second is the interstitial region out-
side the muSn-tin spheres. The potential and the density
in the interstitial region are expanded in terms of plane
waves, and inside the muSn-tins they are expanded in
terms of spherical harmonics. These are natural expan-
sions in which the lowest-order terms are the most im-
portant.
Our self-consistent calculations were performed in two
stages, In the first we neglected the nonspherical terms
inside the muffin-tin spheres (warped muSn-tin ap-
proach). The second was a more time-consuming full po-
tential (FLAPW) treatment in which we made no shape
approximations to the potential and density of the
valence electrons. This separation in two stages results in
an important reduction of computer time since the self-
consistent results of the first stage were used as the start-
ing point for the second.
The radial parts of the basis functions inside the
mu5n-tin spheres are evaluated by numerically integrat-
ing the Dirac equation. The spin-orbit interaction is
neglected for the valence electrons (semirelativistic ap-
proximation ) in the iterations to self-consistency, but the
effect, of these terms was calculated in a perturbative way
on the final self-consistent results (cf. MacDonald er al. ,
Ref. 6). In the LAPW' method one only has to perform
the numerical integrations at certain values of the energy
as set by the energy parameters Ei", which depend on the
angular momentum l and the atom-type n. The values of
the parameters we have used are given in Table I. The
maximal value of l for the expansion of the wave func-
tions as well as the potential and the density was 8 in our
self-consistent calculations. In the calculation for the
spin-orbit (S-o) interaction, we only have to include I & 4
because the values of the S-O parameters are negligible
for higher l.
TABLE I. Values of the lattice constant a (in a.u. ), the
muSn-tin radii (in a.u. ) and the energy parameter (in Ry) used
in this work.
The potential and the density in the interstitial region
were expanded in 165 different star functions (fully sym-
metric combinations of plane waves). The expansion
coeScients for the exchange and correlation potentials
were determined by a least-squares fit to the actual values
calculated at 325 Diophantine points in the interstitial re-
gion. These charge densities were employed to construct
the screening potential, consisting of the electrostatic po-
tential which satisfies Poisson*s equation and the
exchange-correlation potential obtained from the Hedin-
Lundqvist formula in local density theory. For the
description of the wave functions we have used all the
augmented plane waves with a reciprocal lattice vector
within a sphere of radius, K, around the k point con-
sidered. %'e have found that a value of E determined
by K &RM& —8 was suScient for a 1-mly convergence
of the eigenvalues; 8 Mz is the average of the muSn-tin
radii. Correspondingly we used about 300 basis functions
(with the exact number of functions depending on the k
point).
In the 6rst ten iterations of our self-consistency cycle,
the band structure was evaluated at four general k points
inside the irreducible Brillouin zone. In the final ten
iterations we increased the number of k points to 16. The
solution was considered to be self-consistent when the
successive values of the predicted energy parameters and
Fermi energy differed by less than 0.05 mRy. After
achieving self-consistency we made one final calculation
of the energy eigenva)ues at 136 k points. In addition to
the 89 k points on a uniform cubical grid we also selected
47 points near lines of high symmetry in order to obtain
an accurate description of the Fermi energy and Fermi
surface. The eigenvalues at these 136 points are fitted to
an expansion in a Fourier series with 54 star functions
with an rms error smaller than 1 mly. In this way pre-
cise values of the density of states near EF were obtained.
The crystal symmetry of the C15 compounds ZrZn2
and ZrV2 is given by the nonsymmorphic space group
0&. This crystal structure contains two formula units per
unit cell. The lattice constants and the muSn-tin radii
are given in Table I. This choice of values for the radii of
the touching mufBn-tin spheres results in a high packing
fraction of 71%. The core electrons were treated fully re-
lativistically; the effect of the nonspherical terms can be
neglected for the core states. The valence electrons were
treated in the semirelativistic approximation. Note that
the ten 3d electrons of Zn were included as valence states
because they still have a large energy dispersion. The to-
tal effect of spin-orbit coupling on the charge density due
to these states is small since this band is completely filled.
III. RESULTS AND DISCUSSIGN




















%e discuss our self-consistent results for the electronic
structure of ZrZnz and ZrV2 by analyzing the fo11owing
physical quantities: the band structure, the total and par-
tial density of states, the Fermi surface, magnetic proper-
ties (as determined from Stoner's model), and supercon-
ducting properties (by a calculation of A, , the electron-
phonon coupling parameter, using the rigid-ion approxi-
mation, and T, using McMillan's strong coupling
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FIG. 1. Electronic band structure of 4',a) Zrzn2 and (b) ZrV2
along high symmetry lines in the Brillouin zone.
theory). In general, the elfects of the nonspherical terms
inside the muSn tins on the eigenvalues are relatively
small' (=1 or 2 mRy) nevertheless, these small changes
produce some differences in the calculated physical prop-
erties because of the presence of some bands with almost
no dlsperslon.
A. Band structures
The energy band structures of ZrZn2 and ZrV2 along
lines of high symmetry are shown in Figs. 1(a) and 1(b).
In both cases there exist bands near E~ which are almost
dispersionless, necessitating high precision in the calcula-
tions. In the case of ZrZn2 the lowest 20 bands are de-
rived from the Zn d orbitals. The character of the bands
near EF is mainly determined by the Zr d orbitals with
smaller contributions from the p states of both the Zr and
Zn atoms. For ZrV2 on the other hand, the character of
the bands near EF is dominated by the V d orbitals with
smaller contributions from the Zr p and d states and the
V p states. Contributions of electrons with orbital char-
acter difFerent from p and d are not important at EF.
B. Density of states
The total and partial densities of states (DOS) (by atom
type and orbital angular momentum within the muffin-tin
spheres) for ZrZnz and ZrV2 were calculated using the
linear tetrahedron method. " ' The results are shown in
Figs. 2, 3, 4, and 5. In both compounds, EF is located
near the maximum of a narrow peak in the DOS; in each
case, the peaks arise from the almost dispersionless bands
near the Fermi level. Hence, a precise location of EF is
very important for the accurate calculation of those phys-
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ty) which depend critically on the value of the DOS at
EF. The total and partial DOS at Ez are given in Table
II, and compared with the earlier LMTO and AP% re-
sults. In general, all three calculations produce similar
values. The values of the total DOS at EF are high, e.g. ,
2.8 states/eV atom) for ZrV2, which is comparable to the
value for superconducting vanadium' metal [2.17
states/(eV atom)]. Additionally, the effects of the non-
spherical terms inside the muf5n-tin spheres or the value
of the density of states at EF is large for ZrZn2 and small
for ZrV2.
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FIG. 3. Density of states for ZrV2. The inset shows the den-
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FIG. 4. (a) I-decomposed densities of states at the Zr sites for
ZrZnz. (b) I-decomposed densities of states at the Zn sites for
ZrZn2.
FIG. 5. (a) I-decomposed densities of states at the Zr sites for
Zr&~. (b) l-decomposed densities of states at the V sites for
ZrV2.
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TABLE II. Calculated total and partial DOS (states/Ry-unit cell) at the Fermi level for ZrZn, and ZrV2 including the effects of
spin-orbit coupling. The results obtained by other methods are also listed.














































































The Fermi surface cross sections in planes of high sym-
metry are shown in Fig. 6. The shapes of the Fermi sur-
faces of ZrV2 and ZrZn& are very difkrent, since the
bands crossing the Fermi level have a completely
different atom site origin (V d versus Zr d states).
In general, the results for ZrZn2 are found to be in
agreement with the results of the non-self-consistent
RAPW method but some difFerences are found with the
previous LMTO results. ' The Fermi surface contains
bands 2'7, 28, 29, and 30. We also have determined care-
fully the Fermi surfaces around the I. point and found a
small hole pocket around this point due to band 28. The
Fermi surface of ZrZn2 has strong nesting features along
the 1 —X and I'-E directions. These will re6ect itself in
peaks in the q-dependent susceptibility and will afFect the
magnetic properties. The Fermi surface of ZrV2 consists
of many sheets forming a complex structure which, as
stated, is due to the presence of the almost dispersionless
V d bands near E~. The value of the DOS at E~ is there-
fore very high, but there are no strong nesting features.
The main effect of the spin-orbit coupling was to intro-
duce small band gaps between bands 14 and 15 for ZrV2
or bands 28 and 29 for ZrZn2 on the lines connecting I
and X. Further, in ZrZn2 the structure around the I.
point is afFected because there is no degeneracy between
bands 28 and 29 on the 1 -I. line.
D. Magnetism
%e have investigated the possibility of a magnetic in-
stability by calculating the Stoner parameter using a for-
malism generahzed for compounds.
' The exchange-
enhanced magnetic susceptibility is written in the form
(a)
&=&0/1 —~t.i) '
FIG. 6. (a) Fermi surface of ZrZn2. (b) Fermi surface of
ZrV2.
~here S„, is the Stoner factor. Normally one factorizes
S«, as the product of an efFective electron-electron in-
teraction and the DOS at Ez. For compounds it is possi-
ble to evaluate S«, by adding the contributions S; of the
separate atomic types. The individual terms S; depend
on quantities as partial DOS and radial wave functions,
which are all obtained from our band-structure calcula-
tions. The criterion for a magnetic instability is given by
S„,&1.
Our results for the generalized Stoner factor are given
in Table III together with the values obtained by other
methods. In agreement with the predictions of the previ-
ous calculations (1) we find a magnetic instability in
ZrZn2 and not in ZrV2, consistent with experimental
fIndings. The large difference between the values ob-
tained by the LAP% and LMTO methods for the case of
ZrV2 shows the sensitivity of the calculations to compu-
tational details.
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TABLE III. Generalized Stoner factor S„, for ZrZn2 and ZrV2 for the diFerent calculations referred



































K. Electron-phonon coupling and supercoliductivity
, M, &co2&
' (3a)
A basic ingredient in theories evaluating the supercon-
ducting transition temperature is the electron-phonon in-
teraction. The strength of this interaction is conveniently
expressed by A, , the electron-phonon coupling parameter.
However, it is difBcult to determine the value of this pa-
rameter in an accurate way from either experiment or
theory. In a compilation of recent data, Radouski
et aI. ' have addressed this issue.
Most existing theories to determine the strength of the
electronyhonon coupling rely on the rigid-ion approxi-
mation. ' In the case of materials with one atom per unit
cell„all the electronic and phononic contributions in this
formulation factorize as
M(co )
where M is the atomic mass, (~ ) is the average of the
square of the phonon frequency, and 2) depends only on
output quantities from our band-structure calculations.
In the case of compounds, several formulas to determine
A, exist ' '
TABLE IV. Calculated electron-phonon interaction coupling





The subscript t denotes the atom type, and n, is the num-
ber of atoms of type i. M, is the atomic mass at site t
while M denotes the average atomic mass. (co ) is the
average of the square of the phonon frequency for the to-
tal compounds and (co, ) is the projection of this average
on site t. The electron-ion interaction constant q, for site
r is determined from the Gaspari-Gyorffy formula as de
rived in the rigid-mufBn-tin approximation. The results
of spin-orbit coupling on the calculated g values are
found to be small.
Our results for the electron-ion interaction constant q
are shown in Table IV. Again we see a large di8'erence
compared with the LMTO results and very similar values
compared with the APW calculations. We have calculat-
ed the values for A, using formulas (3a)-(3c) and our re-
sults are given in Table V. In order to calculate k from
Eq. 3(a), we have assumed that the local values (co))
scale with the Debye temperature of the pure materials. '
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The results in Table V show that the values of k di6er by
10-20% depending on the formula employed. From
Table IV we see that the discrepancy between the results
of the difI'erent band structure calculations can be much
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TABLE V. Calculated A, values using Eqs. (3a)-(3c). The Debye temperatures for the compounds were taken from Ref. 15, and























larger, although the AP% and LAP%' values are within
10%. This indicates that the precision of present band-
structure calculations is approaching the uncertainty lim-
its of the theoretical models for calculating A, snd that we
also need to improve on the latter.
In order to estimate the value of the superconducting
transition temperature T, we employed the Allen-Dynes
modification of the McMillan equation" ' including




A, —(p'+)tt, ~ }(1+0.62K, )
%e have used several values for the electron-spin cou-
pling constant p,p in order to be able to compare with
other results. The Coulomb pseudopotential p, ' is usually
taken to be equal to 0.13 for most metals. One can also
calculate its value from an empirically derived formula
due to Benneman and Garland this gives slightly
different numerical values for p'.
Our results for the values of T, are displayed in Table
VI; we have used the average of the values of A, for Table
V and values given in Refs. 15 and 20. The FLAP%' cal-
culation shifts the values for ZrV& up by a few tenths of a
degree relative to the LAPW result and the values for
ZrZn2 down by a few degrees. Results taken from other
calculations' are shown in the last column. Again, we
see a large improvement compared to the LMTO results'
and values that are close to the APW results. 3
Finally, the strong effect of the spin Nuctuations is very
clear in the results presented in Table VI. Without spin
fiuctuations we overestimate T, of ZrV2. A larger value
of )u,~(0.2) brings the theoretical value of T, into good
agreement with experiment ' (g.g K}. At present, such
an approach is not justified since the eS'ect of the phase
transformation at T=121 K to the distorted rhom-
bohedral structure is not known. As emphasized by
Lawson, there is evidence that the T, of ZrV2 is
depressed by the lattice transformation.
IV. CONCLUSIONS
We have applied the bulk LAPW method to the elec-
tronic structure of the cubic Laves phase (C15) com-
pounds ZrZn2 and ZrVz. The results have been used to
calculate snd discuss the magnetic and superconducting
properties in these materials. The effects of the inclusion
of the nonspherical terms inside the muSn tins on the ei-
genvalues is small, of order 1 mRy. We find that these
changes alter the values of the density of states and de-
rived quantities in the case of ZrZn& but not for ZrV2.
The most important dilerence between ZrZn2 and ZrV2
is the position of the d bands derived from the Zr and V
atoms. The Zn d bands are located weH below EF, while
the V d bands are at the Fermi level. Consequently, these
materials have completely different Fermi surfaces. In
ZrZnz we see strong nesting features, while in ZrV& these
are negligible. Although the value of the DOS at the EF
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is high in both materials, indicating the possibility of
some kind of electronic instability, the value for ZrV2 is
higher than the value for ZrZn2 because of the presence
of the V d bands. %e have investigated the magnetic
properties of these compounds by evaluating the general-
ized Stoner factors. For ZrZn2 the Stoner factor is larger
than one, which indicates a magnetic instability, in agree-
ment with experiment and other calculations. ' (Wheth-
er the nesting features mentioned before are strong
enough to produce some kind of antiferromagneiic order-
ing can only be determined from a calculation of the q
dependent generalized susceptibility. ) In the case of ZrV2
the Stoner factor is smaller than 1, and no magnetic in-
stability occurs, again in agreement with experiment.
The average predicted superconducting transition tem-
peratures are 26 K for ZrVz and 10 K for ZrZn2 when we
neglect the effect of spin fluctuations. Of course, in
ZrZn2 the superconducting transition is suppressed by
the magnetic instability. In ZrV2, the experimental value
of the transition temperature is 8.8 K (Ref. 21), although
this value pertains to a distorted rhombohedral struc-
ture. The results in Table VI show that by choosing the
value of p, one can always reproduce the experimentally
observed value of T, . Therefore, one would like to be
able to calculate this parameter from the band-structure
data, in order to eliminate this degree of freedom.
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